Let G be a locally compact group of measure preserving transformations on a cr-finite measure space (X,âS, m), and let S be a subset of Ml(G). Let 1 <p<oo, Ip = {f:feV(m) and g/= /, for all g e G} , let IP(S) = {f: fe LP(m) and p.* f' = / for all p e S} , and let KP(S) be the closed subspace of LP(m) generated by functions of the form ß * f -f, for / 6 LP(m) and p € S. Conditions are given on S which ensure that Ip = Ip(S), and this is used to express LP(m) as a direct sum of Ip and Kp(S) .
Introduction
It is well known that the amenability of a semigroup S of linear transformations on a Banach space B may lead to the expression of B as a direct sum of the subspace of vectors left fixed by each transformation of S, and the closed subspace of B generated by vectors of the form {s(x) -x: s E S and x E B} (see [3, p. 85] and [6] , for example). In fact, the classical mean ergodic theorem can be regarded as the special case of this situation which arises when B is a Hilbert space and S is the semigroup generated by a single contraction on B, for in this case S is abelian and hence amenable.
In a recent paper ([10]) J. Rosenblatt has considered decompositions of the above type in Lp spaces which arise from the action of a countable and discrete group G as a group of measure preserving transformations on a finite measure space (X ,3 § ,m). He gives conditions on a probability measure p on G which ensure that Lp(m) is the direct sum of the functions in Lp(m) which are invariant under the action of G, and of the subspace of Lp(m) generated by functions of the form {/ -p * /: / g Lp(m)}.
In the present paper, some results closely related to the above are obtained which apply for more general locally compact groups G. For example, a consequence of results in this paper is the following: if G is a compact connected group, if 1 < p < oo, and « is a positive function in L (G) whose integral is one, then LP(G) is the direct sum of the subspace of constant functions and the subspace of functions which are limits in LP(G) of functions of the form f -h* f, for some f E LP(G). Furthermore, if the regular representation of G upon the space of mean-zero functions in L (G) does not weakly contain the trivial representation, then the subspace {/ -h* f: f E LP(G)} of LP(G) is closed and LP(G) is the direct sum of this subspace and the subspace of constant functions. Some notation and preliminaries now follow.
Let (X ,SB ,m) be aer-finite measure space, normalized if (X ,3 § ,m) is finite, and let G be a locally compact group. It will be assumed that there is a jointly measurable function (s,x) -> sx from G x X to X (where the aalgebraon G is the cr-algebra of Borel sets), under which G becomes a group of measure preserving transformations on (X ,3S, m). It will be further assumed that if 1 < p < oo and / G Lp(m), then s -► / is a continuous function from G to Lp(m), where / denotes the function x -► f(s~xx) in Lp(m). It should be noted that should (X ,3ê ,m) be separable, this further assumption is a consequence of the other assumptions, as can be shown by an adaptation of a standard argument ([4, vol. I, p. 347]). A case of special interest is where G = X, m is the left Haar measure on G, and the action of G on X is simply given by the left group translations. If X is a topological space, C(X) will denote all the bounded continuous scalar valued functions on X, and C0(X) the functions in C(X) which vanish at infinity.
Let X denote a given left invariant Haar measure on G, normalized if G is compact, and let 3°X(G) denote those functions in LX(G) which are positive and such that fGfdX= 1. Let M(G) the Banach space of Borel measures of finite variation on G, and let MX(G) denote those elements of M(G) which are positive and of norm one. If 5 G G, let ôs G Mx (G) be the unit mass at 5. M (G) is a semigroup under convolution with an identity element 8e, where e is the identity element of G. ^(G) is a subsemigroup of MX(G). Let S denote a given nonempty subset of M (G) ; Sw, will denote S equipped with the weak * topology. It is proved in [7, Lemma 3.2] that in the weak * topology, M(G) is a topological semigroup in the sense that convolution is separately continuous. The action of G upon each space Lp(m), 1 < p < oo, can be extended to an action of M(G) upon Lp(m) by means of the formula f _i (p*f)(x)= / f(s x)dp(s), for x G X and p E M(G). J(ß * f)h dm = jG (fx(sf)h dm} dp(s).
Because the action of G is disjoint at infinity on m-finite sets, a routine calculation (compare it with [4, vol. I, p. 295]) shows that the function on G given by s -> fx(sf)hdm belongs to C0(G). It follows that the action of Sw. upon Lp(m) is continuous in the weak operator topology. These observations show that a result of Kido and Takahashi [6, Theorem 1] may be applied. This gives the existence of a bounded projection P of Lp(m) onto I (S) which is such that Pp = pP = P for all pES. Now each function of the form P(f), for some /, is the weak limit of functions of the form Yl'iZ" c;(^, * f) > where cl> 0, and J2'iZ" C¡ = I. Hence, / -P(f) is the weak limit of functions of the form J2'jZ" ct(f ~ /*; * /) > anc* such functions belong to K (S). As KAS) is weakly closed, we deduce that f-P(f) E Kp(S). Conversely, we see that P(f-p*f) = P(f) -p*P(f) = 0, for / G L"(m) and p E S. Hence Kp(S) = {f:fE Lp(m) and P(f) = 0} . It follows that Lp(m) is the direct sum of I (S) and K (S). 
, as / G Ip(S) and pES.
Taking k -g we now have j Rc^h(t)g(t)dm(t)} dpf(h) = 1, and using (a), we deduce that p, = ô,,, . Hence, for all p E S, p({s: s E G and sf = /}) = 1. Since S is adapted sf = f, for all s E G, so that f E Ip. 
Let (d) hold. Let a El be such that p(a) is unitary for all p E S. Then for each p E S, p(o) is an extreme point of the closed convex hull of Ua(G)
in B(Ha). Since Ua(G) is compact, for each p E S there is x~ E G such that Ua(x~') = p(a). Then for all 4, « € He, j (Ua(s)^,n)dp(s) = (Ua(x;X)cr,ri).
Thus, for all ¿¡,t]EHa, ['(U0(sxtt)Z,ri)d/i(s) = (i,ri).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Hence (e) implies (f).
In the abelian case, it is immediate that (c) implies (a) and (f) implies (d).
Corollary. Let G be abelian and compact and let p E M (G). Then p is adapted if and only if for all a e 1 with u/ 1, p(a) / 1. Also, p * öx is adapted for all x eG if and only if for all a El with a ^ 1, \p(o)\ < 1.
Theorem 2. Let 1 < p < oo, let the action of G upon (X ,3 § , m) be disjoint at infinity on m-finite sets, and let S be an adapted subsemigroup of M (G) such that C(SW.) has an invariant mean. Then Lp(m) is the direct sum of K(S) and I , and the associated projection P from Lp(m) onto I has the property that Pp = pP = P for all pES.
Proof. This is immediate from Theorem 1 and Proposition 1. Corollary. Let G be a compact and connected, let 1 < p < oo, let m(X) < oo, let the action of G be ergodic, and let S be a nonempty subset of 3° (G). Then Lp(m) is the direct sum of the subspace of constant functions and KAS).
Proof. This is immediate from Proposition 2(iii) and Theorem 3(iv).
Strongly aperiodic measures and containment
This section contains some analogues for convolution of certain results of J. Rosenblatt which apply for group translations on countable, discrete groups ( [9] and [10, Propositions 12 and 14]). « jG(jxgn{s~\t)In{t)<lm(t)\ dp*p(s).
As \fx gn(s~xt)~gn(t)dm(t)\ < 1, we see that the sequence of functions (s -* fx g"(s~xt)gn(t)dm(t)) converges in p * ¿¿-measure to 1 on G. Consequently, there is a subsequence (hn) of (gn) so that the sequence (s -> fx hn(s~x t)hn(t) dm(t)) converges p * /¿-almost everywhere to 1. Hence there is AßE3$ such that p * p(Aß) = 1 and, for all sEAß, lim^^ fx hn(s~xt)hn(t) dm(t) = 1. It now follows, as in [1, p. 343] , that for all s EAß, limn_(oo ||í«n -«J2 = 0. Now the set {s: s E G and lim^^ ||J«n -«n||2 = 0} is easily seen to be a subgroup of G which is in fact equal to G, as it contains Aß and p is strongly aperiodic. This contradicts the containment assumption, so it follows that ||^||L2(m) < 1 • Hence, I -p is invertible on LQ(m). An application of the complex interpolation method in Banach spaces now enables us to deduce that I-p is a bounded invertible operator on LpQ(m) for 1 <p < oo (compare with [10, Proposition 12]). This proves (i). Now (i) implies (ii), and (ii) easily implies (iii). Finally, if 0 is a linear function on Lp(m) such that <f>(p*f) = 4>(f) for all / G L"(m), it follows from (iii) that <j>(f) = <p(l)Jxfdm, for all f E Lp(m). This proves (iv).
Corollary. Let G be a compact connected group such that the regular representation of G upon L0(G) does not weakly contain the trivial representation, and let 1 < p < oo. Let « G 3°X(G), and let <p be a linear functional on LP (G) such that <t>(h * f) = <p(f) for all f E LP(G). Then <f> is a multiple of Haar measure.
Proof. An adaptation of the argument in (iii) of Proposition 2 shows that « is a strongly aperiodic measure in M (G). Now the result follows from the above remarks and Theorem 4 applied to the action of G upon itself, which is given by left translations.
Remarks. The idea in the proof of Theorem 4 of showing that IMIL2(m) < 1 is to be found in [1] , where it was applied in the case of an average of group translations. Theorem 4 should also be compared with [9] and [10, Propositions 12 and 14]. If G is compact, the assumption that the regular representation of G on LQ(G) does not weakly contain the trivial representation is equivalent to the condition that the operator / -► (fGfdX)\ on L2(G) belongs to the C*-algebra generated by left translation operators on L2(G). This result is proved in [1] , where compact groups with these equivalent properties are referred to as groups with property (A). If G has a dense subgroup with Kazhdan's property, it is proved in [1] that G has property (A). As noted in [1] , it is a result of Margulis and also of Sullivan ([8] and [11] ) that SO(n) for n > 5 has a dense subgroup with Kazhdan's property and consequently has property (A). It is also noted in [9] that it is a consequence of the work of Drinfel ' d in resolving the Banach-Ruziewicz problem for S and S3 ( [2] ), that SO(3) and SO(4) have property (A).
Added in proof. Since writing this paper, the author has been able to extend the result in the Corollary to Theorem 4 by showing that the conclusion of the corollary remains valid for any compact connected group.
